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MCKAY CORRESPONDENCE, COHOMOLOGICAL HALL ALGEBRAS AND
CATEGORIFICATION
DUILIU-EMANUEL DIACONESCU, MAURO PORTA, AND FRANCESCO SALA
ABSTRACT. Let π : Y → C2/ZN denote the canonical resolution of the two dimensional Kleinian
singularity of type AN−1 for N ≥ 2. In the present paper, we establish isomorphisms between the
cohomological and K-theoretical Hall algebras of ω-semistable compactly supported sheaves on Y
with fixed slope µ and ζ-semistable finite-dimensional representations of the preprojective algebra
Π
A
(1)
N−1
of slope zero respectively, under some conditions on ζ depending on the polarization ω and
µ. These isomorphisms are induced by the derived McKay correspondence. In addition, they are
interpreted as decategorified versions of a monoidal equivalence between the corresponding cate-
gorified Hall algebras. Finally, we provide explicit descriptions of the cohomological, K-theoretical
and categorified Hall algebra of ω-semistable compactly supported sheaves on Y with fixed slope
µ: for example, in the cohomological case, the algebra is given in terms of Yangians of finite type A
Dynkin diagrams.
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1. INTRODUCTION
Let π : Y → C2/ZN denote the canonical resolution of the two dimensional Kleinian singular-
ity of type AN−1 for N ≥ 2. The present papers aims to investigate a relation between the derived
McKay correspondence [KV00] for Y and the theory of cohomological (K-theoretical, categorified)
Hall algebras in this setting. The former is an equivalence between the bounded derived category
of coherent sheaves on Y and the bounded derived category of representations of the so-called
preprojective algebra of the affine type A Dynkin diagram A
(1)
N−1.
1 One can define (convolution)
algebra structures on the homology (resp. K-theory) of the moduli stack of coherent sheaves on Y
and of the moduli stack of finite-dimensional representations of the preprojective algebra, respec-
tively: these are two examples of two-dimensional cohomological (resp. K-theoretical)Hall algebras. It
is natural to wonder what kind of relation the derived McKay correspondence establishes at the
level of these algebras.
In the present paper, we will prove that the derived McKay correspondence induces isomor-
phisms between these algebras, after restricting to the semistable ones. In addition, we will de-
scribe the relation between the derived McKay correspondence and the categorification of these
algebras (called categorified Hall algebras), recently introduced in [PS19]. We will view all these
relations as “versions” of the (derived) McKay correspondence for (semistable) cohomological,
K-theoretical, and categorified Hall algebras.
1.1. Hall algebras and McKay correspondence. Let Cohc(Y) be the moduli stack of compactly
supported sheaves on Y. Given a positive rational number µ ∈ Q>0 and a Q-polarization
2 ω on
Y, we denote by Cohω-ssµ (Y) the moduli stack of ω-semistable compactly supported sheaves of
dimension one on Y of slope µ. By abuse of notation, we will denote by Cohω-ss∞ (Y) the moduli
stack of zero-dimensional sheaves on Y.
Denote by X one of the stacks above. As shown in [PS19], there exists a suitable derived
enhancement RX such that3 Cohb(RX) has the structure of an E1-monoidal dg-category (a cat-
egorified Hall algebra of X). Such a structure, by passing to K-theory, induces a structure of an
associative algebra on G0(X) (a K-theoretical Hall algebra of X). This coincides with the algebra
constructed by Kapranov and Vasserot in [KV19] by using perfect obstruction theories and with
the K-theoretical Hall algebra defined in [SS20] for N = 2 by using the theory of Higgs sheaves
on P1. Finally, by using the construction of Borel-Moore homology for higher stacks developed
in [KV19], one can show that HBM∗ (X) has the structure of an associative algebra (a cohomological
Hall algebra of X). All these results hold also equivariantly with respect to the natural C∗ × C∗-
action on these stacks induced by the torus action on Y. Moreover, this algebra coincides with
the cohomological Hall algebra in [SS20] for N = 2. In a broader context, the theory of cohomo-
logical Hall algebras is the mathematical theory underlying the algebra of BPS states introduced
in [HM98] on physical grounds.
Let Q denote the affine type A quiver A
(1)
N−1 and let ΠQ denote the associated preprojective
algebra (see §2.1). Let Rep(ΠQ) denote the moduli stack of finite-dimensional representations
1In the present paper, we will use the point of view developed in [VdB04].
2This means that there exists a positive integer r such that rω is integral and ample.
3Here, Cohb(−) denotes the dg-category of locally cohomologically bounded complexes with coherent cohomology.
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of ΠQ. Given a stability condition ζ ∈ Q
N , let Rep
ζ-ss
ϑ (ΠQ) denote the open substack of ζ-
semistable representations of fixed ζ-slope ϑ. In §5.1 we prove that there exist derived enhance-
ments RCoh(ΠQ) and RCoh
ζ-ss
ϑ (ΠQ) of Rep(ΠQ) and Rep
ζ-ss
ϑ (ΠQ), respectively. By using
these derived enhancements, we prove that there exist categorified, K-theoretical, and cohomo-
logical Hall algebras associated with both Rep(ΠQ) and Rep
ζ-ss
ϑ (ΠQ). The construction of the
categorified Hall algebra is new and it could be of independent interest. When the quiver is A
(1)
1 ,
our construction should coincide with the one in [SVV19] after passing from dg-categories to
triangulated ones.
An equivalent construction of the cohomological and K-theoretical Hall algebras of ΠQ by
using the explicit realizations of these stacks via moment maps rather than using derived alge-
braic geometry is in [SV20]. As shown by Davison in [RS17, Appendix] (see also [YZ16]), using
a dimensional reduction argument, the cohomological Hall algebra of ΠQ can be realized as a
three-dimensional Kontsevich-Soibelman cohomological Hall algebra [KS11] of the Jacobi algebra
of a quiver Q˜ with potentialW, canonically associated to Q.
By [VdB04, NN11, Nag12], the bounded derived category of coherent sheavesDb(Coh(Y)) has
a local projective generator P . This determines by tilting an equivalence of derived categories
τ : Db(Coh(Y))
∼
−→ Db(Mod(ΠQ)) , (1.1)
which we see as a derived McKay correspondence. The equivalence τ admits a natural enhancement
at the level of the dg-categories of complexes of perfect modules. An alternative approach to
derived McKay correspondence via Fourier-Mukai functors was developed in [KV00, BKR01].
In the following, we denote by Ci the i-th irreducible component of π
−1(0) for 1 ≤ i ≤ N − 1,
and by 〈−,−〉 the intersection pairing on the Picard group Pic(Y), which extends canonically to
PicQ(Y) := Pic(Y)⊗Z Q.
By analyzing the behavior4 of semistability under τ and applying the formalism developed in
[PS19] to this setting, we prove our first main result:
Theorem 1.1. Let ω be a Q-polarization of Y and µ ∈ Q>0 ∪ {∞}. Set
ζi := 〈ω,Ci〉
for 1 ≤ i ≤ N − 1, and
ζN :=

1
µ
−
N−1
∑
i=1
ζi if µ 6= ∞ ,
−
N−1
∑
i=1
ζi otherwise .
Then the tilting functor induces a monoidal equivalence
Cohb(RCohω-ssµ (Y)) ≃ Coh
b(RCohζ-ss0 (ΠQ))
as E1-monoidal dg-categories. Therefore, it induces isomorphisms of associative algebras
G0(Coh
ω-ss
µ (Y)) ≃ G0(Rep
ζ-ss
0 (ΠQ)) and H
BM
∗ (Coh
ω-ss
µ (Y)) ≃ H
BM
∗ (Rep
ζ-ss
0 (ΠQ)) .
Moreover, the same holds equivariantly.
Nowwe formulate the secondmain result. Fix a polarizationω of Y and µ ∈ Q>0. Then the set
Sµ of isomorphism classes of ω-stable compactly supported sheaves of dimension one with slope
µ is finite by Corollary 3.12. Moreover, by Lemma 3.7, each such sheaf E is scheme-theoretically
supported on a connected divisor Ci,j := ∑
j
ℓ=i Cℓ with 1 ≤ i ≤ j ≤ N − 1 which depends only
on the isomorphism class of E. The divisor associated to an isomorphism class α ∈ Sµ will be
4The study of moduli spaces (and stacks) of semistable coherent sheaves on smooth (quasi-)projective complex sur-
faces via representations of quivers has a long history that we can trace back to the work of Drezet and Le Potier [DLP85].
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denoted by Ciα,jα . An ordered sequence of isomorphism classes (α1, . . . , αs) is said to be a chain if
and only if
(a) jαt = iαt+1 for all 1 ≤ t ≤ s− 1, and
(b) the given sequence is maximal with this property.
Then the set Sµ admits a unique partition into chains αc, with 1 ≤ c ≤ Cµ. Let sc denote the
length of the chain αc.
Theorem 1.2. Let ω be a polarization of Y and µ ∈ Q>0. Then we have a monoidal functor
Cµ⊗
c=1
Cohb(RCoh(ΠAsc )) −→ Coh
b(RCohω-ssµ (Y))
of E1-monoidal dg-categories. It induces isomorphisms of associative algebras
G0(Coh
ω-ss
µ (Y)) ≃
Cµ⊗
c=1
G0(Rep(ΠAsc )) and H
BM
∗ (Coh
ω-ss
µ (Y)) ≃
Cµ⊗
c=1
HBM∗ (Rep(ΠAsc )) .
Moreover, these results holds also equivariantly.
To prove the above theorem we combine a dg-enhancement of a categorical result for chains
of rational curves proven in [HP19] (cf. §4.1) with the formalism in [PS19].
Let ω be a polarization of Y and µ ∈ Q>0. Set
ζi := 〈ω,Ci〉 for 1 ≤ i ≤ N − 1, and ζN :=
1
µ
−
N−1
∑
i=1
ζi .
Then one has a version of Theorem 1.2 in the quiver setting, by replacing RCohω-ssµ (Y) with
RCoh
ζ-ss
0 (ΠQ).
1.2. Betti numbers and restricted Kac polynomials. As a corollary, Theorem 1.2 yields an ex-
plicit formula for the Betti numbers of the stack Cohω-ssµ (Y) using the results of [BSV17, Dav16,
Moz11] which relate the Betti numbers of the moduli stack of finite-dimensional representations
of the preprojective algebra of a quiver to the Kac’s polynomial of the same quiver.
First note that the Picard group Pic(Y) is isomorphic to Z〈C1, . . . ,CN−1〉 by Lemma 2.4. For
any 1 ≤ c ≤ Cµ, let ∆+c denote the set of positive roots of the associated Lie algebra of type Asc .
Let ∆+µ be the disjoint union
∆+µ =
Cµ⊔
c=1
∆+c .
Since the simple roots are identified by construction to the isomorphism classes αc,1, . . . , αc,sc,
there natural maps
ch1 : ∆
+
µ → Pic(Y) , ch1(ρc) =
j
∑
ℓ=i
ch1(αc,ℓ) ,
and
d : ∆+µ → Z
N+1 , d(ρc) =
j
∑
ℓ=i
d(αc,ℓ) ,
for ρc = ∑
j
ℓ=i αc,ℓ, with 1 ≤ c ≤ Cµ. Here ch1(αc,ℓ) and d(αc,ℓ) denote the first Chern class and
associated dimension vector for an arbitrary representative of αc,ℓ, respectively.
MCKAY CORRESPONDENCE, COHOMOLOGICAL HALL ALGEBRAS AND CATEGORIFICATION 5
Then, using [Sch18, Formula (4.2)], we get:
∑
γ∈Pic(Y)
∑
i∈Z
dimHBM2i (Coh
ω-ss
µ (Y, γ))q
− 12 〈γ,γ〉+izγ = Exp
( q
q− 1
Cµ
∑
c=1
∑
ρc∈∆
+
c
zch1(ρc)
)
, (1.2)
where
• Cohω-ssµ (Y, γ) is the moduli stack of ω-semistable compactly supported sheaves on Y
with first Chern class γ and slope µ,
• q and z = (z1, . . . , zN−1) are formal variables and z
γ denotes the product ∏N−1i=1 z
mi
i for
γ = ∑N−1i=1 miCi,
• Exp in the right hand side denotes the plethystic exponential.
Theorems 1.1 and 1.2 further yield an explicit formula for the generating function of restricted
Kac polymials defined in [Dav16, §7.2]. Let us recall the construction of them.
Given any Serre full subcategory S of the abelian category mod(ΠQ) of finite-dimensional
representations of ΠQ, the restricted Kac polynomials a
S
Q, d(q
1/2) are defined in loc.cit. as the
Poincare´ polynomials of the BPS sheaf on an associated coarse moduli space. The latter is a
bounded complex of constructible sheaves on the coarse moduli space of representations of a
quiver with potential (Q˜,W), canonically associated to ΠQ. The construction is fairly involved
and we refer the reader to [DM16, Dav16] for more details.
The following identity is a specialization of [Dav16, Formula (10)] to Q:
∑
d∈ZN
∑
i∈Z
dim Hic(Rep(ΠQ)
S)q(d,d)+i/2yd = Exp
( q
q− 1 ∑
d 6=0
aSQ, d(q
1/2)yd
)
(1.3)
where
• Rep(ΠQ)
S denotes the moduli stack of finite-dimensional representations of ΠQ of di-
mension vector d which belong to S (see [Dav16, §7.2]),
• (−,−) denotes the pairing (A.1), and
• y = (y1, . . . , yN) are formal variables, and y
d := ∏Ni=1 y
di
i for any d ∈ Z
N .
For the present purposes, let S be the full subcategory of ζ-semistable representations of ΠQ
of ζ-slope zero, where ζ is a stability condition as in Theorem 1.1. Then, combining Theorem 1.1
with the identities (1.2) and (1.3), we obtain the following formula for the generating function of
S-restricted Kac polynomials of Q:
∑
d∈ZN, d 6=0
aSQ, d(q
1/2)yd =
Cµ
∑
c=1
∑
dc∈∆
+
c
yd(ρc) .
1.3. Finite Yangians. In [SV17], the authors established a relation between the equivariant co-
homological Hall algebras of the preprojective algebra of a quiver and the Maulik-Okounkov
Yangian of the quiver (cf. [MO19] for the definition of this quantum group). In particular, when
the quiver is a finite Dynkin diagram, the corresponding (localized equivariant) cohomological
Hall algebra coincides with a positive part of the Maulik-Okounkov Yangian, which is the stan-
dard Drinfel’d Yangian Y+ of the quiver (cf. [Var00] for the explicit description of Y+). Thus, in
the Borel-Moore homology case we can refine further Theorem 1.2 and we obtain:
Theorem 1.3. Suppose that
〈ω,Ci〉 = ζi , for 1 ≤ i ≤ N − 1 , and ζN =
1
µ
−
N−1
∑
i=1
ζi .
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Then there is an isomorphism of associative algebras
HC
∗×C∗
∗ (Coh
ω-ss
µ (Y))loc ≃
Cµ⊗
c=1
Y+(sl(sc + 1)) .
Here, for a module M over R := HC
∗×C∗
∗ (pt), we denote by Mloc the tensor product M⊗R K, where K is
the field of fractions of R.
Since Y is toric, it has a description via a toric fan (cf. §2.2). We denote by C0, . . . ,CN the
C∗×C∗-invariant divisors of Y associated with the rays of the fan. In particular, C1, . . . ,CN−1 are
the irreducible components of π−1(0). Consider the polarization ω := ∑N−1i=1 ∑
N−i
j=0 j Ci+j. One
can prove that the sheaves OCℓ are the only ω-stable one-dimensional sheaves of slope one for
ℓ = 1, . . . ,N− 1. Thus, we get:
Corollary 1.4. There is an isomorphism of associative algebras
HC
∗×C∗
∗ (Coh
ω-ss
1 (Y))loc ≃ Y
+(sl(N)) .
1.4. Affine Yangians, t-structures and Hall algebras. In the theory of classical Hall algebras, an
equivalence τ : Db(A) → Db(B) between the bounded derived categories of two abelian cat-
egories A and B does not necessarily lift to an isomorphism between the corresponding Hall
algebras. For example, one knows that the derived category of representations of the Kronecker
quiver is equivalent to the bounded derived category of coherent sheaves on P1. The correspond-
ing Hall algebras are not isomorphic but they realize different halves of the quantum group of
sl(2)[t±1]: the former is the Drinfeld-Jimbo positive half (cf. [Rin90, Gre95]), while the latter is
the positive half with respect to the so-called Drinfeld’ new presentation, as proved in [Kap97].
On the other hand, Cramer’s theorem [Cra10] shows that the derived equivalence yields to an
isomorphism between the corresponding (reduced) Drinfeld doubles. In the previous example,
Cramer’s theorem provides an algebro-geometric realization of Beck’s isomorphism [Bec94] be-
tween the two different realizations of the quantum group of sl(2)[t±1].
By analogy with what we recalled above, we do not expect that the equivalence τ, introduced
in (1.1), induces an isomorphism between the cohomological (K-theoretical, categorified) Hall
algebra of the moduli stack Cohc(Y) and the one of the moduli stack Rep(ΠQ). For the moment,
let us consider the cohomological case, since the K-theoretical one is analogous.
The cohomological Hall algebra of Rep(ΠQ) realizes the positive half of the affine Yangian
Y(sl(N)[t±1]), in the Drinfeld’s presentation. Since τ does not preserve the t-structures, we expect
that the cohomological Hall algebra of Cohc(Y) should realize a completely new positive half the
Yangian of ŝl(N).5 In the N = 2 case, the cohomological Hall algebra of Cohc(Y) coincides
with that of the moduli stack of Higgs sheaves on P1 introduced in [SS20]. The expectation
that the Drinfeld double of such an algebra should be isomorphic to Y(sl(2)[t±1]) is numerically
confirmed by the computation of the Kac’s polynomial6 of P1, done in [Sch18, §8.1].
The discussion above justifies the study of the cohomological Hall algebra of Cohc(Y) from an
algebraic point of view. From a more geometric perspective, the study this cohomological Hall
algebra can be understood within the context of a vaster program, whose aim is to provide a co-
homological version of the algebra of Hecke operators arising from Ginzburg-Kapranov-Vasserot’s
the geometric Langlands correspondence for surfaces [GKV95].
5We expect that this new positive half will play a role in a mathematical proof of the so-called Alday-Gaitto-Tachikawa
conjecture for gauge theories on Y [AGT10, BBB11, BF11] and a realization of superconformal vertex algebras via affine
Yangians (see e.g. [BBF+13]).
6Recall that Kac [Kac83] introduced a polynomial associated with a quiver whose constant term controls the dimen-
sion of the root spaces of the corresponding Kac-Moody algebra. Conjecturally, the full Kac’s polynomial should control
the graded dimensions of the root spaces of the correspondingMaulik-Okounkov algebra [MO19]. In [Sch16], Schiffmann
introduced a curve-analog of the Kac’s polynomial and in [Sch18] he speculated that it controls the graded dimensions of
the root spaces of a Lie algebra gX canonically associated with X. The cohomological Hall algebra of Higgs sheaves on X
should quantize the universal enveloping algebra of gX [z].
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The present paper represents a first step in the direction of understanding the whole coho-
mological Hall algebra of Cohc(Y). For example, Theorems 1.2 and 1.3, combined with [SV20,
Theorem A], show that the semistable cohomological Hall algebras considered in this paper
HC
∗×C∗
∗ (Coh
ω-ss
µ (Y)) ≃ H
C∗×C∗
∗ (Rep
ζ-ss
0 (ΠQ))
are pure. This shows that both HC
∗×C∗
∗ (Cohc(Y)) and H
C∗×C∗
∗ (Rep(ΠQ)) admit a common fam-
ily of quotients, by varying of ω and µ ∈ Q>0.
7 The issue of understanding explicitly the relation
between HC
∗×C∗
∗ (Cohc(Y)) and H
C∗×C∗
∗ (Rep(ΠQ)) will be pursued further in a sequel to this
paper.
The categorified viewpoint show us a more clear picture. In the situation considered in the
present paper, we deal with two different t-structures, the standard one and the one induced
by τ - called perverse t-structure, to which we associate two algebras. Both algebras are induced
by deeper structures at the level of the corresponding moduli stacks Cohc(Y) and on Rep(ΠQ):
these structures go under the name of Dyckerhoff-Kapranov’s 2-Segal space [DK19]. Both stacks
Cohc(Y) and Rep(ΠQ) have formally e´tale maps to Toe¨n-Vaquie´’s moduli of objects MPerf(Y)
and the natural 2-Segal space on the latter induces the 2-Segal space structures on the former.
Thus, from this perspective (a categorification of)Y(sl(N)[t±1]) should be encoded by the 2-Segal
space ofMPerf(Y), while Cohc(Y) and Rep(ΠQ) should give the two different positive halves of
it.
1.5. Outline. §2 is devoted to the description of the geometry of the resolutions of Kleinian sin-
gularities and the definition of perverse coherent sheaves on them, and explanation of the con-
nection with the preprojective algebra of a quiver, whose definition is also recalled. §3 and 4 deal
with the analysis of the relation between semistable sheaves on the resolution and semistable
representations of the preprojective algebra under the equivalence τ. Finally, in §5 we provide
a version of the McKay correspondence for categorified, K-theoretical, and cohomological Hall
algebras: §5.1 we construct the categorified, K-theoretical, and cohomological Hall algebras of
the preprojective algebras of a quiver, while in §5.2 we prove our main results, Theorems 1.1 and
1.2. There are also three appendices: one about standard results for representations of quivers,
and other two about some characterizations of sheaves on surfaces.
Acknowledgments. We would like to thank Ben Davison, Greg Moore, Tony Pantev, Sarah
Scherotzke, Olivier Schiffmann and Yan Soibelman for enlightening conversations.
Part of this work was initiated while the third-named author was visiting Rutgers University.
He is grateful to this institution for their hospitality and wonderful working conditions.
The work of D.-E. D. was partially supported by NSF grant DMS-1802410, while the work of
F. S. was partially supported by JSPS KAKENHI Grant number JP18K13402.
2. PERVERSE COHERENT SHEAVES ON RESOLUTIONS OF QUOTIENT SINGULARITIES
In this section, we will recall basic geometric properties of the resolution Y of the type A sin-
gular surface X = C2/ZN for N ≥ 2 and the (categorical) McKay correspondence, establishing
a relation between the bounded derived category of coherent sheaves on Y and the bounded de-
rived category of representations of the preprojective algebra of the affine type A quiver A
(1)
N−1.
We start by briefly recalling what is the preprojective algebra of a quiver.
7Note that, thanks to the purity, the canonical morphism HC
∗×C∗
∗ (Cohc(Y)) → H
C∗×C∗
∗ (Coh
ω-ss
µ (Y)) is surjective.
Similarly for Rep(ΠQ) and Rep
ζ-ss
0 (ΠQ).
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2.1. The preprojective algebra of a quiver. LetQ be a quiver, i.e., an oriented graph, with a finite
vertex set Q0 and a finite arrow set Q1. For any arrow a ∈ Q1, we denote by s(a) the source of
a and by t(a) the target of a. The path algebra CQ of Q is the associative algebra with basis all
possible paths of length ℓ ≥ 0 of Q endowed with the multiplication given by concatenation of
paths, whenever possible, otherwise zero (cf. §A).
The double Qdb of Q is the quiver that has the same vertex set as Q and whose set of arrows
Qdb1 is a disjoint union of the setQ1 of arrows of Q and of the set
Qopp1 := {a
∗ | a ∈ Q1}
consisting of an arrow a∗ for any arrow a ∈ Q1, with the reverse orientation (i.e., s(a
∗) = t(a)
and t(a∗) = s(a)).
Definition 2.1. The preprojective algebra ΠQ of Q is the quotient of the path algebra CQ
db of the
double quiver Qdb by the two-sided ideal generated by the following element
∑
a∈Q1
(xaxa∗ − xa∗xa) ∈ CQ
db . (2.1)
⊘
The ideal generated by the element (2.1) is the same as the ideal generated by
∑
a∈Q1: t(a)=ı
xaxa∗ − ∑
a∈Q1: s(a)=ı
xa∗xa
for any vertex ı ∈ Q0.
Example 2.2. Let Q be the type A affine quiver A
(1)
N−1 for N ≥ 2. Then the double quiver Q
db is
shown below:
N
1 2 . . . N − 2 N − 1
a1
a∗1
a2
a∗2
aN−3
a∗N−3
aN−2
a∗N−2
aN
a∗N
aN−1
a∗N−1
The ideal of relations of Π
A
(1)
N−1
is generated by
xk−1yk−1 − ykxk for 1 ≤ k ≤ N
where, we set xℓ := xaℓ and yℓ := xa∗ℓ for ℓ = 1, . . . ,N and x0 = xN , y0 = yN . △
2.2. Geometry of the resolutions. Let N ≥ 2 be an integer and denote by µN the group of N-th
roots of unity in C. A choice of a primitive N-th root of unity ξ defines an isomorphism of groups
µN ≃ ZN . We define an action of µN ≃ ZN on C
2 as
ξ · (z1, z2) := (ξ z1, ξ
−1 z2) .
The quotient X := C2/ZN is a normal affine surface.
8 In addition, X is toric with respect to the
torus C∗ × C∗. Fix a Z-basis {~e1,~e2} of Z
2 and define the vectors ~vi := i~e1 − (i− 1)~e2 ∈ Z
2 for
any integer i ≥ 0. Then the fan of X consists of the two-dimensional cone σ := cone(~v0,~vN) ⊂ Q
2
and its subcones. The origin is the unique singular point of X, and is a particular case of a rational
double point or Du Val singularity.
8Observe that X is independent of the choice of the primitive N-th root of unity ξ. More canonically, X = C2/µN .
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The minimal resolution of singularities of X is the smooth toric surface π : Y → X defined by
the fan Σ ⊂ Q2 where
Σ(0) :=
{
{0}
}
,
Σ(1) :=
{
ρi := cone(~vi)
∣∣ i = 0, 1, 2, . . . ,N} ,
Σ(2) :=
{
σi := cone(~vi−1,~vi)
∣∣ i = 1, 2, . . . ,N} .
The vectors ~vi are the minimal generators of the rays ρi for i = 0, 1, . . . ,N. We denote by Ci
the torus-invariant rational curve associated with the ray ρi for i = 0, . . . ,N. Then the curves
C1, . . . ,CN−1 are the irreducible components of the exceptional divisor π
−1(0) of the minimal res-
olution π : Y → X.
Remark 2.3. Recall the (classical) McKay correspondence: There is a one-to-one correspondence
between the irreducible representations of µN and the curves C1, . . . ,CN−1. Moreover, the in-
tersection matrix 〈Ci · Cj〉1≤i,j≤N−1 is given by minus the symmetric Cartan matrix of the root
system of type AN−1, i.e., one has
〈Ci · Cj〉1≤i,j≤N−1 =

−2 1 · · · 0
1 −2 · · · 0
...
...
. . .
...
0 0 · · · −2
 .
△
The following basic facts will be used repeatedly throughout this paper (cf. [CLS11]).
Lemma 2.4. Let Z ⊂ Y be a compactly supported divisor. Then Z is set-theoretically supported on the
exceptional divisor.
Moreover, the Picard group generated by compactly supported divisors is isomorphic to the free abelian
group Z〈C1, . . . ,CN−1〉.
2.3. Perverse coherent sheaves on the resolution. Following [VdB04, §3.1] (see also [NN11,
§1.1]), we introduce:
Definition 2.5. A perverse coherent sheaf on Y is an object E of Db(Coh(Y)) satisfying the following
conditions:
(1) All cohomology sheavesHi(E) are zero except for i = −1, 0.
(2) R0π∗H−1(E) = 0 and R1π∗H0(E) = 0.
(3) RHomY(H
0(E), F) = 0 for any coherent sheaf F on Y such that Rπ∗F = 0.
⊘
The full subcategory P(Y/X) ⊂ Db(Coh(Y)) consisting of all perverse coherent sheaves is the
heart of a t-structure. In particular it is an abelian category. Let Pc(Y/X) denote the abelian
sub-category of P(Y/X) consisting of objects with compact support.
For i ≤ i ≤ N, define the Cartier divisors
Di :=
N−i
∑
j=0
j Ci+j , (2.2)
and let
Li := OY(Di) ,
be the corresponding line bundles. Then [Nag12, Theorem 1.10] proves that the direct sum
P :=
N⊕
i=1
Li (2.3)
10 D.-E. DIACONESCU, M. PORTA, AND F. SALA
is a projective generator for Db(Coh(Y)). Combining [VdB04, Lemma 3.2.3 and Theorem 3.5.5],
we see that P is a perverse coherent sheaf on Y. Let A denote the sheaf of dg-algebras
A := Rπ∗REndDb(Coh(Y))(P) .
Observe that
A := RΓ(X;A) ≃ REndDb(Coh(Y))(P) .
Since P is a perverse coherent sheaf on Y, [VdB04, Lemma 3.2.4] implies that RΓ(X;A) is concen-
trated in degree zero and hence quasi-isomorphic to EndDb(Coh(Y))(P). As X is affine, we deduce
that there is a canonical quasi-isomorphism
A ≃ π∗EndDb(Coh(Y))(P),
and the right hand side is the sheaf of algebras on X also considered in [NN11, Theorem 2.3].
Then the functors
Rπ∗RHomDb(Coh(Y))(P ,−) : D
b(Coh(Y)) −→ Db(Coh(A)) ,
(−)⊗LA P : D
b(Coh(A)) −→ Db(Coh(Y))
determine an equivalence of derived categories which restricts to an equivalence of abelian cate-
gories P(Y/X)
∼
−→ Coh(A). Here, Coh(A) denotes the category of coherent right A-modules.
Since X is affine, one further has an equivalence (cf. [VdB04, Corollary 3.2.8])
RHomDb(Coh(Y))(P ,−) : D
b(Coh(Y)) −→ Db(Mod(A)) (2.4)
where Mod(A) is the abelian category of finitely generated right A-modules. This restricts to an
equivalence of hearts (cf. [VdB04, Corollary 3.2.8])
P(Y/X)
∼
−→ Mod(A) ,
as well as
Pc(Y/X)
∼
−→ mod(A) , (2.5)
where mod(A) is the subcategory consisting of A-modules which are finite dimensional as com-
plex vector spaces. Moreover, [Nag12, Theorem 1.20] proves that the endomorphism algebra A
is isomorphic to the preprojective algebra Π
A
(1)
N−1
of the type A affine quiver A
(1)
N−1.
Remark 2.6. The categorical equivalence (2.5) implies that RHomDb(Coh(Y))(Lk, E) is a one-term
complex of amplitude [0, 0], which we denote by Vk, for any object E of Pc(Y/X) and for any
k = 1, . . . ,N. Thus, an object E of Pc(Y/X) is mapped to a representation M of Π
A
(1)
N−1
with
underlying ZN-graded vector space
V :=
N⊕
k=1
Vk ,
where the k-th summand has degree k. △
By [VdB04, Proposition 3.5.7] the simple modules associated to the nodes of the quiver corre-
spond to the spherical objects
FN := OC1+···+CN−1 and Fi := OCi(−1)[1] ,
for 1 ≤ i ≤ N − 1. These satisfy the orthogonality relations
RHomDb(Coh(Y))(Li, Fj) = δij C , (2.6)
for 1 ≤ i, j ≤ N.
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Example 2.7. Let ℓ = 1, . . . ,N − 1. Then the line bundle OCℓ , via the derived equivalence (2.4),
corresponds to the representation
VN
V1 . . . Vℓ−1 0 Vℓ+1 . . . VN−1
1 1 1 1
11
,
where
Vi :=
{
C for i 6= ℓ ,
0 otherwise .
Moreover, all arrows in the above diagram are the identities, while the remaining arrows are
identically zero. △
Given an object E ∈ Pc(Y/X), its dimension vector dim(E) ∈ NN is by definition the dimension
vector of the associated representation via the equivalence (2.5). Its components will be denoted
below by dk(E), for 1 ≤ k ≤ N. Moreover, since E is compactly supported, one has
ch1(E) := −ch1(H
−1(E)) + ch1(H
0(E)) =
N−1
∑
i=1
miCi and χ(OY, E) = n ∈ Z ,
for some mi ∈ Z, i = 1, . . . ,N− 1, and n ∈ Z.
Lemma 2.8. We have
dN(E)− dk(E) = mk , (2.7)
for any 1 ≤ k ≤ N − 1 and
dN(E) = n .
Proof. Since E is an object of Pc(Y/X) and P =
⊕N
i=1 Li is a projective generator, one has
RHomDb(Coh(Y))(Lk, E[1]) = 0
for all 1 ≤ k ≤ N. Therefore
dN(E)− dk(E) = χ(OY, E)− χ(Lk, E) .
Since E is compactly supported, one can use the Riemann-Roch theorem (cf. [BBHR09, §1.1, For-
mula (1.60)]) to compute
χ(Lk, E) = χ(OY, E)− ch1(E) · ch1(Lk) .
The assertion follows by using the relations ch1(Lk) · Ci = δki for 1 ≤ i, k ≤ N − 1. 
Remark 2.9. Let E ∈ Pc(Y/X) be a perverse coherent sheaf whose support
9 is zero-dimensional.
Thus both H−1(E) andH0(E) are zero-dimensional. On the other hand, by the first condition in
Definition 2.5-(2) we get H−1(E) = 0, therefore E ≃ H0(E). Since ch1(E) = 0, by Equation (2.7)
the dimension vector of E is of the form n · (1, . . . , 1), where n = χ(H0(E)). △
3. SEMISTABLE PERVERSE COHERENT SHEAVES AND ONE-DIMENSIONAL SHEAVES
In this section we will establish a relation between one-dimensional sheaves and semistable
perverse coherent sheaves on Y. In what follows, we denote by Cohc(Y) the abelian category of
coherent sheaves on Y with proper support.
9Recall that the support of an object in Db(Coh(Y)) is the union of the supports of its cohomology sheaves.
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3.1. Stability conditions for perverse coherent sheaves. Let ζ ∈ QN be a stability condition (cf.
§A.1).
Definition 3.1.
(i) We say that E ∈ Pc(Y/X) is ζ-(semi)stable if and only if the corresponding representation
of Π
A
(1)
N−1
is ζ-(semi)stable. We will also write degζ(E) = ∑
N
i=1 ζidi(E).
(ii) A perverse coherent sheaf E will be said to be a sheaf if and only if the natural morphism
E → H0(E) is a quasi-isomorphism.
⊘
The main goal of this section consists of proving some structure results for ζ-semistable per-
verse sheaves, where ζ is a suitable stability condition satisfying certain conditions, that we will
define in what follows. First note the following consequence of Lemma 2.8.
Corollary 3.2. Let ζ ∈ QN be a stability condition and let E be an object of Pc(Y/X). Let
ω :=
N−1
∑
i=1
ζiDi ∈ PicQ(Y) := Pic(Y)⊗Z Q ,
where the Di’s are the divisors defined in equation (2.2). Then one has
degζ(E) = dN(E)
N
∑
i=1
ζi + ω ·
(
ch1(H
1(E))− ch1(H
0(E))
)
. (3.1)
Moreover,
dN(E) = dim H
0(H0(E)) + dim H1(H1(E)) .
Remark 3.3. The orthogonality relations (2.6) imply that ω is a polarization on Y provided that
ζi > 0 for all 1 ≤ i ≤ N − 1. △
By analogy to [NN11, Lemma 2.9], we have:
Proposition 3.4. Let ζ ∈ QN be a stability condition that satisfies the inequalities
ζi > 0 (3.2)
for 1 ≤ i ≤ N − 1, and
N
∑
i=1
ζi ≥ 0 . (3.3)
Let E ∈ Pc(Y/X) be a ζ-semistable object with associated dimension vector d ∈ ζ⊥. Then E is a sheaf.
If the inequality (3.3) is strict, E is a purely one-dimensional sheaf. On the other hand, if the inequality
(3.3) is saturated, E is a zero-dimensional sheaf.
Proof. Let 0 6= E′ ( E be a subobject inPc(Y/X). Since E is assumed ζ-semistablewith degζ(E) =
0, one has
degζ(E
′) ≤ 0 .
In particular this holds for E′ = H1(E)[1]. Then equation (3.1) for E′ yields
dim H1(H1(E))
N
∑
i=1
ζi + ω · ch1(H
1(E)) ≤ 0 .
As observed in Remark 3.3, under the present assumptions ω is a polarization on Y. Then this
yields
dim H1(H1(E)) = 0, ch1(H
1(E)) = 0 .
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Therefore H1(E) is a zero dimensional sheaf on Y. Then the defining properties of Pc(Y/X)
imply that H1(E) is the zero sheaf.
Now, suppose that the inequality (3.3) is strict. Let E′ ⊂ E be a zero dimensional subsheaf.
Then the equation (3.1) implies that
degζ(E
′) = dim H0(E′)
N
∑
i=1
ζi .
Since E is ζ-semistable of ζ-degree zero, E′ must be identically zero.
Finally, suppose that the inequality (3.3) is saturated. Then
degζ(E) = −ω · ch1(E)
Since E is a sheaf and ω is a polarization on Y this implies ch1(E) = 0. Thus, E is zero-
dimensional. 
The following result which will be useful later:
Lemma 3.5. Let E ∈ Pc(Y/X) be a sheaf. Suppose E ։ E′′ is a quotient in Cohc(Y). Then E′′ also
belongs to Pc(Y/X).
Proof. Let E′ = ker(E։ E′′). Since E′, E′′ are compactly supported, their set-theoretic support is
at most one dimensional. Therefore Rkπ∗E
′ = 0 and Rkπ∗E′′ = 0 for all k ≥ 2. Then the exact
sequence
0 −→ E′ −→ E −→ E′′ −→ 0
yields an epimorphism R1π∗E ։ R
1π∗E
′′. Since R1π∗E = 0 by assumption, this implies
R1π∗E
′′ = 0 as well.
Now, if F is a sheaf on Y such that Rπ∗F = 0. Assume that RHomY(E
′′, F) 6= 0. Then, clearly,
RHomY(E, F) 6= 0, which contradicts the Definition 2.5-(3) of Pc(Y/X). Thus RHomY(E
′′, F) = 0,
and therefore E′′ ∈ Pc(Y/X). 
Fix ζ ∈ QN a stability condition. We will show that under certain conditions on ζ, we can
define a Q-polarization ω such that all objects in Pc(Y/X), which are sheaves and ζ-semistable,
are ω-semistable as well, seen as objects of Cohc(Y).
In the following, ζ ∈ QN will be assumed to satisfy inequality (3.2) and the strict form of (3.3).
Define
ω :=
N−1
∑
i=1
ζiDi .
The divisor ω is is a polarization on Y, as observed in Remark 3.3. As usual, the ω-slope of a
coherent sheaf E ∈ Cohc(Y) is defined as
µω(E) :=
χ(E)
ch1(E) ·ω
.
Since ch1(E) =
N−1
∑
k=1
mkCk, one has
µω(E) =
χ(E)
∑
N−1
k=1 mkζk
.
Proposition 3.6. Let ζ ∈ QN be a stability condition satisfying inequalities (3.2) and (3.3). Let E be a
ζ-(semi)stable object of Pc(Y/X) with dimension vector d ∈ ζ⊥. Then E is an ω-(semi)stable coherent
sheaf on Y.
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Proof. Proposition 3.4 shows that E is a coherent sheaf. Moreover, if inequality (3.3) is saturated,
E is a zero-dimensional sheaf. Hence E is semistable with respect to any polarization ω.
Suppose that the inequality (3.3) is strict. Let E։ E′′ be a quotient in Cohc(Y/X). Lemma 3.5
shows that E′′ belongs to Pc(Y/X), hence it satisfies
degζ(E
′′) (≥) 0 ,
Using identity (3.1), this is equivalent to
µω(E
′′) (≥)
1
∑
N
i=1 ζi
= µω(E).
Hence E is ω-(semi)stable. 
3.2. ω-semistable sheaves on Y. In this section we will prove a converse of Proposition 3.6. For
any 1 ≤ i, j ≤ N − 1, let
Ci,j :=
{
Ci + · · ·+ Cj if i ≤ j ,
0 otherwise .
(3.4)
Abusing notation, Ci,j will indicate below both a reduced divisor on Y as well as its equivalence
class in the Picard group. The distinction will be clear from the context.
Let ω be a Q-polarization of Y. Note that if a coherent sheaf E ∈ Cohc(Y) is ω-stable, then it is
pure. Below, we shall say that an ω-stable sheaf is one-dimensional if and only if it has nontrivial
one dimensional support, i.e., the zero sheaf is excluded. Moreover a curve on Y will be a closed
subscheme of pure dimension one.
Proposition 3.7. Let ω be a Q-polarization of Y. Let E be an ω-stable one-dimensional sheaf on Y with
compact support. Then
ch1(E) = Ci,j
for some 1 ≤ i ≤ j ≤ N− 1. In particular, E is scheme theoretically supported on the reduced divisor Ci,j.
Moreover,
Ext1Y(E, E) = 0 . (3.5)
Proof. Let
ch1(E) =
N−1
∑
i=1
miCi ,
with mi ≥ 0 for 1 ≤ i ≤ N − 1. Since E is assumed stable, its set-theoretic support is connected.
Thus, the support of Emust be a divisor of the form Ci,j for some 1 ≤ i ≤ j ≤ N − 1. Moreover
ch1(E) =
j
∑
ℓ=i
mℓCℓ
where all mℓ ≥ 1 for i ≤ ℓ ≤ j. By the Riemann-Roch theorem, one has
χ(E, E) = −ch1(E)
2 = 2
j
∑
ℓ=i
m2
ℓ
− 2
j−1
∑
ℓ=i
mℓmℓ+1 = m
2
i +m
2
j +
j−1
∑
ℓ=i
(mℓ −mℓ+1)
2 ,
where by convention all sums from i to j− 1 are trivial if i = j. Since E isω-stable, dimExt0Y(E, E) =
1. Using Serre duality, dimExt2Y(E, E) = 1 as well. Hence
m2i +m
2
j +
j−1
∑
ℓ=i
(mℓ −mℓ+1)
2 ≤ 2 .
Since all mℓ ≥ 1, this inequality implies that mℓ = 1 for all i ≤ ℓ ≤ j, which further implies that
χ(E, E) = 2. Therefore the vanishing result (3.5) holds. 
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Remark 3.8. Note that if E is a ω-stable compactly supported one-dimensional sheaf on Y with
ch1(E) = Ci for some 1 ≤ i ≤ N − 1, then necessarily E ≃ OCi(d) for some d ∈ Z. △
Let E be a one-dimensional pure coherent sheaf on Y with
ch1(E) = Ci,j
for some 1 ≤ i < j ≤ N − 1. For i ≤ ℓ ≤ j, let Tℓ,j be the maximal zero-dimensional subsheaf of
E⊗OCℓ,j and let Gℓ,j be the quotient of E⊗OCℓ,j by Tℓ,j. By construction, for each i ≤ ℓ ≤ j− 1
there is an exact sequence
0 −→ Fi,ℓ −→ E −→ Gℓ+1,j −→ 0 , (3.6)
where Fi,ℓ and Gℓ+1,j are one-dimensional pure sheaves with
ch1(Fi,ℓ) = Ci,ℓ and ch1(Gℓ+1,j) = Cℓ+1,j .
In particular they are scheme theoretically supported on Ci,ℓ and Cℓ+1,j respectively. Applying
Lemma B.1, let
φℓ+1 : Gℓ+1 → Fi,ℓ ⊗OCℓ+1,j(Cℓ+1,j) (3.7)
be the morphism corresponding to the extension class of (3.6).
Lemma 3.9. For any i ≤ ℓ ≤ j there is a commutative diagram with exact rows and columns
0 0
Fi,ℓ−1 Fi,ℓ−1
0 Fi,ℓ E Gℓ+1,j 0
0 Fℓ Gℓ,j Gℓ+1,j 0
0 0
1
fℓ 1
gℓ
(3.8)
where Fℓ ≃ OCℓ(eℓ) for some eℓ ∈ Z, and, by convention, Fi,i−1 and Gj,j+1 are identically zero. In
particular there are isomorphisms Fi,i ≃ Fi and Gj,j ≃ Fj.
Moreover, the morphism (3.7) determines uniquely a second morphism
ψℓ+1 : Fℓ+1 → Fℓ ⊗OCℓ+1,j(Cℓ+1,j) , (3.9)
which fits in a commutative diagram
Fℓ+1 Fℓ ⊗OCℓ+1,j(Cℓ+1,j)
Gℓ+1,j Fi,ℓ ⊗OCℓ+1,j(Cℓ+1,j)
gℓ+1
ψl+1
φℓ+1
fℓ⊗1 .
Proof. By construction there is a natural epimorphismOGi,ℓ ։ OGi,ℓ+1 since the support condition
implies HomY(Fi,ℓ−1,Gi,ℓ+1) = 0. Then diagram (3.8) follows from the snake lemma.
Since Gi,ℓ+2 and Fi,ℓ have disjoint support, one obtains a natural isomorphism
HomY(Gi,ℓ+1, Fi,ℓ⊗OCi,ℓ+1(Ci,ℓ+1)) ≃ HomY(Fℓ+1, Fi,ℓ ⊗OCi,ℓ+1(Ci,ℓ+1)) .
Again, since Fℓ+1 and Fi,ℓ−1 have disjoint support one further has a natural isomorphism
HomY(Fℓ+1, Fi,ℓ ⊗OCi,ℓ+1(Ci,ℓ+1)) ≃ HomY(Fℓ+1, Fℓ ⊗OCi,ℓ+1(Ci,ℓ+1)) .
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This implies the second part of Lemma 3.9. 
In conclusion, up to isomorphism, E determines uniquely a sequence of line bundles (Fi, . . . , Fj)
on the curves Ci, . . . ,Cj of degrees (e1, . . . , ej) respectively. Moreover, Lemma B.1 shows that
Ext1Y(Fℓ, Fm) ≃
{
C for ℓ = m+ 1 ,
0 otherwise .
and E admits a recursive construction through a sequence of extensions
0 −→ Fℓ −→ Gℓ,j −→ Gℓ+1,j −→ 0 ,
where Gj,j ≃ Fj. At each step the associated extension class corresponds to the morphism (3.7),
or, equivalently, (3.9). Note also that
Fℓ ⊗OCℓ+1,j(Cℓ+1,j) ≃ Fℓ|pℓ ≃ Opℓ (3.10)
where pℓ is the transverse intersection point between Cℓ and Cℓ+1.
Lemma 3.10. Let ω be a Q-polarization of Y. Let E be a one-dimensional pure coherent sheaf on Y with
ch1(E) = Ci,j
for some 1 ≤ i < j ≤ N− 1. If E is ω-stable, all morphisms φℓ+1 are nonzero. Moreover, let L denote the
following line bundle on Y:
L := ⊗
j−1
ℓ=iOY((−1− eℓ)Dℓ)⊗OY(−ejDj) .
Then E⊗ L ≃ OCi,j .
Proof. If i = j there is nothing to prove.
Suppose i < j. Then the first claim is clear. Indeed, if φℓ+1 is zero for some i ≤ ℓ ≤ j− 1, the
exact sequence (3.6) splits, and this contradicts stability. In order to prove the second claim, note
that the sequence of line bundles F′
ℓ
corresponding to E′ := E⊗ L has degrees (−1,−1, . . . ,−1, 0).
Moreover, since all successive morphisms φ′
ℓ+1 with i ≤ ℓ < j are nonzero, each exact sequence
0 −→ OCℓ(−1) −→ G
′
ℓ,j −→ G
′
ℓ+1,j −→ 0
has a nonzero extension class in
Ext1Y(G
′
ℓ+1,j,OCℓ(−1)) ≃ C .
Then an easy inductive argument shows that each quotient Gℓ,j ≃ OCℓ,j for all i ≤ ℓ ≤ j. 
Proposition 3.11. Let ω be a Q-polarization of Y. Set
ζi := 〈ω,Ci〉
for 1 ≤ i ≤ N − 1. Let E be a one-dimensional pure coherent sheaf on Y with
ch1(E) = Ci,j
for some 1 ≤ i < j ≤ N − 1. If E is ω-stable, we have
ζiµω(E)− 2 < ei < ζiµω(E)− 1 and ζ jµω(E)− 1 < ej < ζ jµω(E) , (3.11)
and for any i < ℓ < j
ζℓµω(E)− 2 < eℓ < ζℓµω(E) . (3.12)
Proof. First suppose i < ℓ < j. Let z ∈ H0(OCℓ(1)) be a defining section of pℓ and let ζ : Fℓ →
OCℓ(eℓ + 1) be multiplication by z. Using the isomorphism (3.10), one has
ζ ◦ ψℓ+1 = 0 .
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Then Lemma B.1 shows that there is a non-zero morphism Gℓ+1,j → OCℓ(eℓ + 1) which fits into
the diagram
Fℓ Gℓ,j
OCℓ(eℓ + 1) OCℓ(eℓ + 1)
ζ
1
.
Since Gℓ,j is a quotient of E, one obtains a nonzero morphism E → OCℓ(eℓ + 1). The target is
ω-stable of slope
µω(OCℓ(eℓ + 1)) =
eℓ + 2
ζℓ
.
Therefore one obtains
ζℓµω(E) < eℓ + 2 .
Next, note that Fℓ+1 is a quotient of Fi,ℓ+1. Again, let η : OCℓ+1(eℓ+1− 1) →֒ Fℓ+1 be multiplication
by z, which is obviously injective. Then note that
ψℓ+1 ◦ η = 0 ,
and Lemma B.1 shows that there is a nonzero morphism OCℓ+1 → Fi,ℓ+1 which fits into the
diagram
OCℓ+1(eℓ+1 − 1) OCℓ+1(eℓ+1 − 1)
Fℓ+1 Fi,ℓ+1
η
1
.
Since Fi,ℓ+1 is a subsheaf of E, one obtains
eℓ+1 < ζℓ+1µω(E) .
The proof of (3.11) is completely analogous. 
The following are two straightforward consequences of Proposition 3.11.
Corollary 3.12. For fixed ω and µ ∈ Q there are finitely many isomorphism classes of compactly sup-
ported ω-stable pure dimension one sheaves of slope µ.
Corollary 3.13. Let ω = ∑N−1i=1 Di be the symmetric polarization. Let E be an ω-stable pure dimension
sheaf on Y with proper support such that µω(E) = 1. Then E ≃ OCi for some 1 ≤ i ≤ N − 1.
Proof. Suppose ch1(E) = Ci,j for some 1 ≤ i < j ≤ N − 1. Under the present assumptions, the
first inequality in (3.11) implies that
−2 < ei < −1 ,
which is a contradiction. Hence one must have i = j and ej = 0. 
3.3. CategoricalMcKay correspondence for semistable objects. The main goal of this section is
to prove the following:
Theorem 3.14. Let ω be a Q-polarization of Y and µ ∈ Q>0 ∪ {∞}. Set
ζi := 〈ω,Ci〉
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for 1 ≤ i ≤ N − 1, and
ζN :=

1
µ
−
N−1
∑
i=1
ζi if µ 6= ∞ ,
−
N−1
∑
i=1
ζi otherwise .
If µ 6= ∞, the tilting functor (2.5) yields an equivalence between the abelian category of ω-semistable
one-dimensional sheaves on Y of slope µ and the abelian category of ζ-semistable finite-dimensional rep-
resentations of Π
A
(1)
N−1
of zero ζ-slope. On the other hand, if µ = ∞, the tilting functor (2.5) yields an
equivalence between the abelian category of zero-dimensional sheaves on Y and the abelian category of
ζ-semistable finite-dimensional representations of Π
A
(1)
N−1
of zero ζ-slope.
The first step to prove the above theorem is:
Lemma 3.15. Let E be an ω-semistable compactly supported sheaf on Y of pure dimension one with
µω(E) > 0. Then E belongs to Pc(Y/X).
Proof. It suffices to prove the claim for E stable. Then, the strictly semistable case follows easily
using Jordan-Ho¨lder filtrations.
Suppose E is ω-stable. As in Proposition 3.11, one has ch1(E) = Ci,j for some 1 ≤ i ≤ j ≤
N − 1. Moreover inequalities (3.11) and (3.12) imply that
eℓ ≥ −1 , i ≤ ℓ < j− 1 , ej ≥ 0 .
If i = j one has E ≃ OCj(ej) for some ej ≥ 0 and the claim is clear.
Suppose i < j. Then an easy inductive argument using the exact sequences
0 −→ Fℓ −→ Gℓ,j −→ Gℓ+1,j −→ 0 ,
for i ≤ ℓ ≤ j− 1, shows that R1π∗E = 0.
Moreover, suppose that F is a compactly supported sheaf of pure dimension on Y such that
Riπ∗F = 0 for i = 0, 1. This implies in particular that H0(F) = 0. Suppose there exists a nonzero
morphism f : E → F. Let G := Im( f ). Then µω(G) > µω(E) by stability, which implies that
χ(G) > 0. Since H2(G) = 0 for dimension reasons, this implies that H0(G) is nonzero. However
H0(G) ⊂ H0(F), which contradicts H0(F) = 0. 
Proposition 3.16. Under the same assumptions as in Lemma 3.15, let
ζN :=
1
µω(E)
−
N−1
∑
i=1
ζi
and set ζ := (ζ1, . . . , ζN−1, ζN). Then degζ(E) = 0 and E is ζ-semistable as a perverse coherent sheaf.
Proof. As in the proof of Lemma 3.15, it suffices to assume that E is ω-stable and prove that E is
ζ-stable as a perverse coherent sheaf.
First, the relation degζ(E) = 0 is immediate. Note also that ζN < 0 and
N
∑
i=1
ζi =
1
µω(E)
> 0 .
Let E ։ G be a quotient in Pc(Y/X), not isomorphic to E. Let di(G), for 1 ≤ i ≤ N, denote the
components of the dimension vector associated to G. Using identity (3.1), one obtains
degζ(G) =dN(G)
N
∑
i=1
ζi +ω · (ch1(H
−1(G))− ch1(H
0(G)))
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=dim H0(H0(G))
N
∑
i=1
ζi − ω · ch1(H
0(G))
+ dim H1(H−1(G))
N
∑
i=1
ζi +ω · ch1(H
1(G)) .
This further implies
degζ(G) ≥ dim H
0(H0(G))
N
∑
i=1
ζi −ω · ch1(H
0(G)) .
Since G is a perverse coherent sheaf, H1(H0(G)) = 0, hence dimH0(G) = χ(H0(G)). Therefore
the previous inequality yields
degζ(G) ≥ µω(E)
−1χ(H0(G))−ω · ch1(H
0(G))
= (ω · ch1(H
0(G)))
(
µω(H
0(G))µω(E)
−1 − 1
)
.
SinceH0(G) is a quotient of E, the claim follows. 
Finally, by an analogous argument, one obtains a similar result for zero dimensional sheaves.
Proposition 3.17. Let ζ ∈ QN be a stability condition such that
N
∑
i=1
ζi = 0.
Let E be a zero dimensional sheaf on Y. Then degζ(E) = 0 and E is ζ-semistable as a perverse coherent
sheaf.
Example 3.18. Suppose ω = ∑N−1i=1 Di is the symmetric polarization. Then the sheaf OCℓ is ω-
stable of slope one for any 1 ≤ ℓ ≤ N − 1. Moreover, by Lemma 3.15 and Proposition 3.16,
OCℓ ∈ Pc(Y/X)
10 and it is ζ-stable for
ζ := (1, . . . , 1, 2− N) .
Moreover, by Corollary 3.13, the sheaves OCℓ are the only ω-stable one-dimensional sheaves of
slope one. △
Proof of Theorem 3.14. Let E be a ω-(semi)stable one-dimensional sheaf with µω(E) = µ > 0. By
Lemma 3.15 and Proposition 3.16, the sheaf E belongs to Pc(Y/X) and it is ζ-(semi)stable.
Viceversa, let E ∈ Pc(Y/X) be ζ-(semi)stable. Note that ζ satisfies
ζi > 0 , for 1 ≤ i ≤ N − 1 , ζN < 0 and
N
∑
i=1
ζi > 0 .
Thus we can apply Proposition 3.4, which shows that E is a ω-(semi)stable one-dimensional pure
sheaf on Y. One can argue similarly if µ = ∞ and get the assertion. 
4. CHAINS OF STABLE SHEAVES AND FINITE DYNKIN QUIVERS
This section proves some structure results for compactly supported semistable sheaves on
A
(1)
N−1 resolutions which are used in the proof of Theorem 1.2.
10This also follows from the explicit description of the image ofOCℓ via the equivalence (2.4) as shown in Example 2.7.
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4.1. Chains and moduli stacks of semistable sheaves. Let
ω :=
N−1
∑
k=1
ζkDk
with ζk ∈ Q>0 for 1 ≤ k ≤ N− 1 be a polarization on Y. Let µ ∈ Q>0. As noted in Corollary 3.12,
there is a finite set Sµ of isomorphism classes of ω-stable compactly supported one-dimensional
sheaves of slope µ.
Proposition 4.1. Let Eα, Eβ be arbitrary representatives of the equivalence classes α, β ∈ Sµ respectively.
Proposition 3.7 guarantees that
ch1(Eα) = Ciα,jα and ch1(Eβ) = Ciβ,jβ .
for integers 1 ≤ iα ≤ jα ≤ N − 1 and 1 ≤ iβ ≤ jβ ≤ N − 1. Then one has:
(i) If iα = iβ or jα = jβ then α = β, hence Eα ≃ Eβ. In particular any isomorphism class α is
uniquely determined by the pair (iα, jα).
(ii) Moreover,
Ext
p
Y(Eα, Eβ) ≃

C if p = 0 and α = β ,
C if p = 1 and either iβ = jα + 1 or iα = jβ + 1 ,
0 otherwise .
Proof. Since all Eα are stable of the same slope one has
HomY(Eα, Eβ) =
{
C if α = β ,
0 otherwise .
(4.1)
Hence, using Serre duality,
χ(Eα, Eβ) =
{
2− dimExt1Y(Eα, Eβ) if α = β ,
−dimExt1Y(Eα, Eβ) otherwise .
(4.2)
Moreover, equation (3.5) shows that Ext1Y(Eα, Eβ) = 0 if α = β. However, by the Riemann-Roch
theorem,
χ(Eα, Eβ) = −Ciα,jα · Ciβ,jβ , (4.3)
where Ci,j is the divisor introduced in equation (3.4) for 1 ≤ i, j ≤ N − 1.
For any pairs (i, j), (ℓ,m) with i ≤ j and ℓ ≤ m one has the following cases:
(1) If i = ℓ and j = m, then Ci,j · Cℓ,m = −2.
(2) If i = ℓ and j 6= m or j = m and i 6= ℓ, then Ci,j · Cℓ,m = −1.
(3) If ℓ = j+ 1 or i = m+ 1, then Ci,j · Cℓ,m = 1. In this case the divisors Ci,j and Cℓ,m will be
called linked.
(4) In all other cases, Ci,j · Cℓ,m = 0.
Under the stated conditions, the divisors Ciα,jα and Ciβ,jβ cannot satisfy case (2) above, since
that would lead to a contradiction with equations (4.2) and (4.3). This proves statement (i).
For the remaining cases, Equations (4.1), (4.2) and (4.3) yield:
Ext1Y(Eα, Eβ) ≃
{
C if iβ = jα + 1 or iα = jβ + 1,
0 otherwise .

Definition 4.2. An ordered sequence α = (α1, . . . , αs) ∈ Sµ will be called a chain if and only if
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(i) jαt = iαt+1 for all 1 ≤ t ≤ s− 1, and
(ii) it is not a strict subsequence of any other ordered sequence of elements of Sµ satisfying
(i).
For simplicity, set ∆t = Ciαt ,jαt , 1 ≤ t ≤ s. ⊘
Example 4.3. Suppose ω = ∑N−1i=1 Di is the symmetric polarization and let µ = 1. By Corol-
lary 3.13, a slope one compactly supported sheaf E on Y is ω-stable if and only if E ≃ OCi for
some 1 ≤ i ≤ N − 1. Therefore in this case the set of stable objects is {OCi | 1 ≤ i ≤ N − 1} and
they form a single chain of length N − 1. △
Remark 4.4. Proposition 4.1-(i) implies that there is a unique partition into pairwise disjoint sub-
sets
Sµ =
Cµ⋃
c=1
{ αc,1, . . . , αc,sc }
such that for each 1 ≤ c ≤ Cµ the ordered sequence
αc := (αc,1, . . . , αc,sc)
is a chain for all 1 ≤ c ≤ Cµ. Let λµ := (s1, s2, . . . , sCµ) denote the induced ordered partition of Nµ.
△
In order to formulate some further consequences of Proposition 4.1, let us introduce the fol-
lowing definition:
Definition 4.5. An ω-semistable compactly supported sheaf E on Y will be said to belong to
a chain αc, i.e. E ∈ αc, if and only if each of its Jordan-Ho¨lder factors belongs to one of the
isomorphism classes αc,t, for 1 ≤ t ≤ sc. ⊘
Then one has:
Corollary 4.6. Let E1, E2 be compactly supported ω-semistable sheaves on Y of slope µ which belong to
two different chains respectively. Then one has:
Ext
p
Y(E1, E2) = 0 = Ext
p
Y(E2, E2) ,
for all p ∈ Z.
Furthermore:
Corollary 4.7. Let E be an ω-semistable compactly supported sheaf on Y of slope µ. For each 1 ≤ c ≤ Cµ
let Ec be the maximal ω-semistable subsheaf of E of slope µ(Ec) = µ(E) which belongs to the chain
(αc,1, . . . , αc,sc). Then there is an isomorphism
E ≃
Cµ⊕
c=1
Ec .
Proof. The proof will proceed by induction on the length ℓE of the Jordan-Ho¨lder filtration of E.
If ℓE = 1 the claim obviously holds since E is ω-stable.
Suppose the claim holds for all sheaves G satisfying the stated conditions, with ℓG ≤ k. Let E
be an ω-semistable sheaf with ℓE = k+ 1. Then there exists a nonzero ω-stable subsheaf F ⊂ E
with µ(F) = µ(E) such that the quotient G = E/F is nonzero. Then G is also ω-semistable with
slope µ(G) = µ(E) and ℓG = k. By the induction hypothesis,
G ≃
⊕
1≤c≤Cµ
Gc .
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Moreover, Corollary 4.6 implies that all extension groups Ext
p
Y(Gc, F), with p ≥ 0, as well as
Ext
p
Y(F,Gc), with p ≥ 0, vanish for all 1 ≤ c ≤ Cµ such that F does not belong to the associated
chain αc. Then the snake lemma yields an exact sequence
0 −→ F′ −→ E −→ G′ −→ 0
where
G′ =
⊕
1≤c≤Cµ
F/∈αc
Gc
and F′ fits in an exact sequence
0 −→ F −→ F′ −→ GcF −→ 0
where cF ∈ {1, . . . ,Cµ} labels the unique chain F belongs to. The claim then follows from Corol-
lary 4.6. 
Finally, note that Lemma 3.10 yields:
Corollary 4.8. Let (α1, . . . , αs) be a chain in Sµ. Then there exists a unique line bundle L, up to isomor-
phism, so that Eαt ⊗ L ≃ O∆t for all 1 ≤ t ≤ s.
Proof. For each 1 ≤ t ≤ s, let Lt denote the line bundle corresponding to Eαt via Lemma 3.10.
Using the defining properties of chains, the orthogonality relations (2.6) imply:
Lt ⊗O∆u ≃
{
Lt ⊗O∆t for t = u
O∆u for t 6= u
,
for any 1 ≤ t, u ≤ s. Set L := ⊗ℓt=1Lt. 
4.2. Exceptional collections and finite Dynkin quivers. Let Y be the natural toric completion of
Y, which is a weighted projective space with two quotient singularities at infinity. Let S be the
minimal toric resolution of singularities of Y obtained by triangulating the toric polytope. Then
S is a smooth projective surface containing Y as an open subset. Moreover for each divisor Di in
(2.2) there is a unique compact effective divisor Di on S such that the complement Di \ Di is zero
dimensional. Moreover in the intersection ring of S the orthogonality relations
Ci · Dj = δi,j , (4.4)
hold for 1 ≤ i, j ≤ N − 1.
Let (α1, . . . , αs) be a chain of stable sheaves of ω-slope µ as in Definition 4.2. Using the orthog-
onality relations (4.4), Corollary 4.8 implies that there exists a line bundle M on S such that any
sheaf in the equivalence class αt, 1 ≤ t ≤ s, is isomorphic to:
Et =
{
M⊗O∆t(−∆t+1) for 1 ≤ t ≤ s− 1 ,
M⊗O∆s for t = s .
For any 0 ≤ t ≤ s− 1, let
Lt := M⊗OS
(
−
s
∑
u=t+1
∆u
)
.
Set also Ls := M and E0 := L0. Then one has:
Lemma 4.9.
(i) The sequence (L0, . . . ,Ls) is an exceptional sequence of line bundles on S, i.e., it satisfies
Ext0S(Lt,Lt) ≃ C , Ext
p
S(Lt,Lt) = 0 for p ≥ 1 ,
and
Extp(Lt,Lu) = 0 for p ≥ 0 ,
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for all 0 ≤ u < t ≤ s. In addition,
Ext
p
S(Lt,Lu) ≃ C for 0 ≤ p ≤ 1 ,
for any 0 ≤ t < u ≤ s, and
Ext
p
S(Lt,Lu) = 0 for p ≥ 2 ,
for all 0 ≤ t, u ≤ s.
(ii) Moreover,
Ext0S(Lt, Eu) ≃
{
C if t = u ,
0 otherwise ,
and Ext1S(Lt, Eu) ≃
{
C if u = t+ 1 ,
0 otherwise ,
as well as
Ext2S(Lt, Eu) = 0
for all 0 ≤ t, u ≤ ℓ.
Proof. All above claims follow Corollary C.2. 
Given an exceptional sequence of line bundles as in Lemma 4.9, let T := 〈L0, . . . ,Ls〉 denote
the smallest triangulated full subcategory of Db(Coh(S)) containing all Lt for 0 ≤ t ≤ s. Let
also C denote its intersection with Coh(S). Note that [HP19, Theorem 2.5] applies to the present
situation although the divisors ∆t are reducible nodal curves, as opposed to smooth rational
curves as assumed in loc.cit.; more precisely, Lemma 4.9 proves that the objects Lt and Et for
0 ≤ t ≤ u satisfy all necessary conditions stated in [HP19, §1.3]. Then, Theorem 2.5 of loc.cit.
proves that the triangulated category T is equivalent to the derived category of modules of a
certain associative algebra determined by the line bundles L0, . . . ,Ls. Moreover this equivalence
identifies C with the abelian category of modules over the same algebra. This construction is
further studied in more detail [KK17, Propositions 2.8 and 6.18]. The results needed in the present
context are summarized below.
Proposition 4.10 ([HP19, Theorem 2.5], [KK17, Proposition 2.8]).
(i) Up to isomorphism, the simple objects of C are σ0 := L0 and σt := Et for 1 ≤ t ≤ s.
(ii) Up to isomorphism, there are ℓ + 1 unique indecomposable projective objects Λ0, . . . ,Λs in C ,
which fit in nontrivial extensions of the form
0 −→ Λt −→ Λt−1 −→ Lt−1 −→ 0 , (4.5)
for 1 ≤ t ≤ s, where Λs = Ls. In particular, at each step Ext
1
S(Lt−1,Λt) ≃ C, hence the
extension (4.5) is unique up to isomorphism.
(iii) The direct sum
Λ :=
s⊕
t=0
Λs
is a projective generator of C . The tilting functor RHomDb(Coh(S))(Λ,−) yields equivalence of
triangulated categories
RHomDb(Coh(S))(Λ,−) : T ≃ D
b(Mod(End(Λ)))
identifying C with the heart of the natural t-structure on the right-hand-side.
(iv) The following orthogonality relations
RHomDb(Coh(S))(Λt, σu) = Cδt,u
hold in Db(Coh(S)).
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(v) Let C≤1 be the abelian subcategory of C consisting of coherent sheaves with at most one-dimensional
support. Then C≤1 is equivalent, via the natural inclusion C≤1 → Coh(S), to the subcate-
gory of Coh(S) consisting of coherent sheaves which admit a filtration with successive quotients
{σ1, . . . , σs}.
Moreover, the following result follows immediately from [KK17, Proposition 6.18].
Proposition 4.11. There is an isomorphism of associative algebras End(Λ) ≃ ΠAs , where As is the finite
type A quiver with s vertices.
Lemma 4.9, Propositions 4.10-(v) and 4.11 yield:
Corollary 4.12. There is an equivalence of abelian categories C≤1 ≃ mod(ΠAs) mapping the simple
objects σt, for 1 ≤ t ≤ s, to the standard simple objects associated to the vertices of the quiver.
5. MCKAY CORRESPONDENCE FOR CATEGORIFIED HALL ALGEBRAS
In this section, we shall use the results in §3 and 4 to establish a version of the McKay corre-
spondence at the level of 2-Segal spaces and categorified Hall algebras. We have reduced to the
minimum the explicit description of the machinery from derived algebraic geometry in favor of
a less technical description of the results. We will always refer to [PS19, PS] where the treatment
of 2-Segal spaces and categorified Hall algebras is given in full detail.
5.1. Categorified Hall algebras of the projective algebra of a quiver. In this section, we recall
the construction of the 2-Segal space and categorified Hall algebra associated with the stack of
finite-dimensional representations of the preprojective algebra of a quiver. In what follows, the
construction follows closely that one in [PS19] for the stack of coherent sheaves on a smooth
surface (we will carefully point out the main differences with the case treated in loc.cit.).
5.1.1. Derived stack of representations. In this section, we shall introduce a derived stack of finite-
dimensional representations of the preprojective algebra Π
A
(1)
N−1
. We will use the notation and
conventions of [PS19].
Let Q be the affine type A Dynkin diagram A
(1)
N−1 for N ≥ 2. The preprojective algebra ΠQ is
quasi-isomorphic to Keller’s deformed derived two-preprojective algebra Π2(CQ) of CQ (cf. [Kel11]),
and the latter is quasi-isomorphic to Ginzburg’s algebra Γ2(CQ) (cf. [Kel11, §6] and [Gin06]). Thus,
ΠQ is (homotopically) of finite type (hence, homologically smooth, cf. [Kel11, Theorem 4.8]) and
2-Calabi-Yau.
Let Perf(ΠQ) be the category of perfectΠQ-modules. Since the algebraΠQ is (homotopically)
of finite type, the dg-category Perf(ΠQ) is of finite type. Thus, Toe¨n-Vaquie´’s moduli of objects
MPerf(ΠQ)
of Perf(ΠQ) is a derived stack which is locally geometric and locally of finite presen-
tation by [TV07, Theorem 3.6]. In particular, it has a perfect cotangent complex. It is the derived
stack of pseudo-perfect ΠQ-modules.
Following [PS19, §2] (see also [PS, §2]), we can give the following definition.
Definition 5.1. We call the derived stack RCoh(ΠQ) of finite-dimensional representations of ΠQ
the submoduli functor MPerf(ΠQ) sending Spec(A) ∈ dAff to the families of A-flat objects in
Perf(ΠQ). ⊘
Furthermore, checking explictly the definition of RCoh(ΠQ) for an underived affine scheme
Spec(A) (or by using [Yeu18, Corollary 4.17]), we obtain the following:
Lemma 5.2. The truncation RCoh(ΠQ)
cl is isomorphic to
RCoh(ΠQ)
cl ≃ Rep(ΠQ) .
Thus, RCoh(ΠQ)
cl is a geometric stack.
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Remark 5.3. Note that we prefer to keep the notation RCoh(ΠQ) rather than RRep(ΠQ) for
consistency with the notation in [PS19]. △
The natural map RCoh(ΠQ) → MPerf(ΠQ) is formally e´tale, and RCoh(ΠQ) inherits good
deformation theory properties (notably, infinitesimally cohesiveness and nilcompleteness) from
MPerf(ΠQ)
. This is similar to the arguments given in [PS19, §2.2], and we refer to [PS, §2] for the
details. By combining this with the above lemma, we obtain the following.
Proposition 5.4. The derived stack RCoh(ΠQ) is geometric and locally of finite presentation. Moreover,
it is derived lci.
5.1.2. 2-Segal space and categorified Hall algebra. In the literature, when one talks about Hall alge-
bras and their refined versions (cohomological, K-theoretical, etc), one considers a suitable alge-
bra whose multiplication is induced by a diagram involving a stack parametrizing extensions. In
what follows, as a first step in our construction, we introduce the derived stack of extensions of
finite-dimensional representations of the preprojective algebra.
Let ∆1 be the 1-simplex, and consider the moduli of objects MFun(∆1×∆1,Perf(ΠQ)). We let
M
ext
Perf(ΠQ)
denote the full substack of MFun(∆1×∆1,Perf(ΠQ)) whose Spec(A)-points corresponds
to diagrams
F1 F2
F4 F3
which are pullbacks and where F4 ≃ 0. There are three natural morphisms
evi : M
ext
Perf(ΠQ)
−→ MPerf(ΠQ) , i = 1, 2, 3 ,
which at the level of functor of points send a fiber sequence
F1 −→ F2 −→ F3
to F1, F2 and F3, respectively. We define RCoh
ext(ΠQ) as the pullback
RCohext(ΠQ) M
ext
Perf(ΠQ)
RCoh(ΠQ)
×3
M
×3
Perf(ΠQ)
ev1×ev2×ev3 .
By using similar arguments than in [PS19, §3], we obtain:
Proposition 5.5. The derived stack RCohext(ΠQ) is geometric and locally of finite presentation. More-
over, it is derived lci.
We thus obtain a diagram of the following form:
RCohext(ΠQ)
RCoh(ΠQ)×RCoh(ΠQ) RCoh(ΠQ)
qp , (5.1)
where p := ev3 × ev1 and q := ev2. In the classical theory of cohomological Hall algebras, one
applies a homological functor (for example, the Borel-Moore homology functor HBM∗ (−)) to the above
diagram and, roughly speaking, themap q∗ ◦ p∗ induces an associative (and unital) multiplication
on the corresponding vector space. Working in the realm of derived algebraic geometry, we are
able (and forced) to encode the “algebra structure” directly at the level of derived stacks by taking
into account all possible “iterated compositions”. More precisely, we are going to talk about
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E1-algebra structures in the category of (correspondences of) derived stacks and Dyckerhoff-
Kapranov’s 2-Segal spaces [DK19].
Let
T := Hom∆([1],−) : ∆ −→ Cat∞ ,
where ∆ is the simplicial category. We write Tn instead of T([n]). We let
S•Perf(ΠQ) : ∆
op −→ Cat∞
be the subfunctor of Fun(T(−),Perf(ΠQ)) that sends [n] to the full subcategory SnPerf(ΠQ) of
Fun(Tn,Perf(ΠQ)) spanned by those functors F : Tn → Perf(ΠQ) satisfying the following two
conditions:
(1) F(i, i) ≃ 0 for every 0 ≤ i ≤ n;
(2) for every 0 ≤ i, j ≤ n− 1, i ≤ j− 1, the square
F(i, j) F(i+ 1, j)
F(i, j+ 1) F(i+ 1, j+ 1)
is a pullback in Perf(ΠQ).
We refer to S•Perf(ΠQ) as the ∞-categorical Waldhausen construction on Perf(ΠQ). It follows
from [DK19, Theorem 7.3.3] that S•Perf(ΠQ) is a 2-Segal object in Cat∞.
Applying the moduli of objects construction of Toe¨n-Vaquie´ [TV07] we obtain a simplicial
derived stack
MS•Perf(ΠQ)
: ∆op −→ dSt .
Since the functor (−)≃ : Cat∞ → S commutes with limits, we immediately deduce thatMS•Perf(ΠQ)
is a 2-Segal object in the ∞-category dSt of derived stacks (cf. [DK19, Theorem 7.4.18]). We write
SnMPerf(ΠQ)
for MSnPerf(ΠQ). In addition, SnMPerf(ΠQ) is locally geometric and locally of finite
presentation by [PS19, Lemmas 4.1 and 4.2].
By following the construction in [PS19, §4], we can construct the simplicial object
S•RCoh(ΠQ) : ∆
op −→ dSt .
which is a 2-Segal object by the same arguments as in [PS19, Lemma 4.3].
Recall now from [DK19, Theorem 11.1.6] that there is a canonical functor
2-Seg(dSt) −→ AlgE1(Corr
×(dSt)) .
Here Corr×(dSt) denotes the (∞, 2)-category of correspondences equipped with the symmet-
ric monoidal structure induced from the cartesian structure on dSt (cf. see [PS19, §4]). Thus,
RCoh(ΠQ) is an E1-algebra in the ∞-category Corr
×(dSt).
The tool that allows us to pass from stacks to derived (or dg) categories (and thus to K-theory,
cohomology, etc) is given by the machinery developed by Gaitsgory and Rozenblyum in [GR17a,
GR17b]. Indeed, thanks to loc.cit. one can construct a right-lax monoidal functor (cf. [PS19, §4.2])
Cohb : Corr(dGeom)rps,lci −→ Cat
st
∞ ,
where dGeom is the∞-category of derived geometric stacks and Corr(dGeom)rps,lci is the category
of correspondences with horizontal (resp. vertical) arrows given by maps with are representable by
proper schemes (resp. by derived lci maps). The main result of this section is the following:
Theorem 5.6. RCoh(ΠQ) is a 2-Segal space in Corr(dGeom)rps,lci. Then, the composition
Cohb(RCoh(ΠQ))× Coh
b(RCoh(ΠQ))
⊠
−→ Cohb(RCoh(ΠQ)×RCoh(ΠQ))
q∗◦p∗
−−−→ Cohb(RCoh(ΠQ)) ,
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where the map on the right-hand-side is induced by the 1-morphism in correspondences (5.1), endows
Cohb(RCoh(ΠQ)) with the structure of an E1-monoidal dg-category.
The proof of this theorem follows the same arguments of the corresponding result for the stack
of coherent sheaves on a smooth proper complex surface [PS19, Theorem 4.5].11
Note that
Cohb(RCoh(ΠQ)) 6≃ Coh
b(Rep(ΠQ)) ,
thus the E1-algebra structure is a feature of the LHS and not of the RHS. This shows one of the
important features in working directly inside the realm of derived algebraic geometry. On the
other hand, since
RCoh(ΠQ)
cl ≃
⊔
d∈NN
Rep(ΠQ, d) ,
at the level of K-theory we get:
G0(Coh
b(RCoh(ΠQ)) ≃
⊕
d∈NN
G0(Coh
b(Rep(ΠQ, d))) ≃
⊕
d∈NN
G0(Rep(ΠQ, d)) ,
where the last term on the RHS denote the usual G0 of the category of coherent sheaves on the
classical geometric stack Rep(ΠQ, d). We denote by G0(Rep(ΠQ)) the first term from the right
of the above formula. At the K-theoretical level, we obtain:
Corollary 5.7. There exists a convolution algebra product on G0(Rep(ΠQ)), induced by the CoHA
tensor structure on the dg-category Cohb(RCoh(ΠQ)), which endows G0(Rep(ΠQ)) of an associative
algebra structure.
In [SV20], Schiffmann and Vasserot defined a convolution algebra structure on G0(Rep(ΠQ))
by using the embedding of Rep(ΠQ, d) into the global quotient stack [T
∗Rep(Q, d)/GL(d)] for
any dimension vector d. This algebra structure is equivalent to that induced by Kapranov-
Vasserot’s formalism [KV19] using a perfect obstruction theory on Rep(ΠQ) (cf. [KV19, Proposi-
tion 6.1.5]12. By the comparison done in [PS19, §5] between the derived approach and Kapranov-
Vasserot’s one, we have that our convolution product coincides with theirs.
By using Kapranov-Vasserot’s formalism of Borel-Moore homology for higher Artin stack
[KV19, §3] combined with our construction of the derived enhancement RCoh(ΠQ) of the stack
of finite-dimensional representations of ΠQ, one gets:
Corollary 5.8. There exists a convolution algebra product on HBM∗ (Rep(ΠQ)) which endows it of an
associative algebra structure.
By the same arguments as in the K-theoretical case, this algebra structure on HBM∗ (Rep(ΠQ))
coincides with that constructed by Schiffmann and Vasserot in [SV20].
Remark 5.9. All the above constructions have an equivariant version with respect to the natural
action of the torus C∗ ×C∗. △
Let ζ ∈ QN be a stability condition. The stack Repζ-ssϑ (ΠQ) of ζ-semistable finite-dimensional
representations ofΠQ of slope ϑ is an open substack of Rep(ΠQ). Thus, it has a canonical derived
enhancement
RCoh
ζ-ss
ϑ (ΠQ)
which is an open substack ofRCoh(ΠQ). The 2-Segal space structure associatedwith RCoh(ΠQ)
induces a canonical one on RCoh
ζ-ss
ϑ (ΠQ). Thus, all the above results hold for RCoh
ζ-ss
ϑ (ΠQ) as
well.
11Note that in the proof of [PS19, Theorem 4.5], one uses that the map p is derived lci, whose proof in our case follows
from the same arguments than in the case of coherent sheaves on a smooth proper complex surface.
12The Proposition is stated for the one-loop quiver but with a mild generalization one gets the same result for Q.
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5.2. McKay correspondence and categorifiedHall algebras. Recall that perverse coherent sheaf
P , introduced in (2.3), is projective, hence compact. The equivalence (2.4) upgrades to a functor
at the level of dg-categories:13
HomQCoh(Y)(P ,−) : QCoh(Y) −→ ΠQ-Mod . (5.2)
This restricts to the functor
HomPerf(Y)(P ,−) : Perf(Y) −→ Perf(ΠQ) ,
which is an equivalence is (2.4) is. Since the dg-category Perf(Y) is of finite type, MPerf(Y) is
locally geometric and locally of finite presentation. By the functoriality of Toe¨n-Vaquie´’s con-
struction of moduli of objects, we obtain an equivalence
MPerf(Y)
∼
−→ MPerf(ΠQ) . (5.3)
This induces an equivalence at the level of the two Segal spaces:
S•MPerf(Y)
∼
−→ S•MPerf(ΠQ) .
Definition 5.10. We denote by RPerCohc(Y/X) the submoduli functor MPerf(Y) which assigns
to Spec(A) ∈ dAff the space of families of objects in Perf(Y), which are flat with respect to the
t-structure induced by the standard t-structure in ΠQ-Mod via (5.2). ⊘
By construction, the truncation RPerCohc(Y/X)cl is isomorphic to Artin-Zhang’s moduli
stack PerCohc(Y/X) associated with the abelian category Pc(Y/X).
14 The equivalence (5.3) in-
duces the equivalence
RPerCohc(Y/X) ≃ RCoh(ΠQ) ,
which can be upgraded to an equivalence as 2-Segal spaces:15
S•RPerCohc(Y/X) ≃ S•RCoh(ΠQ) .
As in the previous section, by using the 2-Segal spaces structure, we obtain the following:
Theorem 5.11. There exists a structure of an E1-monoidal dg-category on Coh
b(RPerCohc(Y/X))
induced by the 2-Segal space object S•RPerCohc(Y/X).
Corollary 5.12. There exists a convolution algebra structure on G0(PerCohc(Y/X)) such that it is an
associative algebra. Moreover, there is an isomorphism of associative algebras
G0(PerCohc(Y/X)) ≃ G0(Rep(ΠQ)) .
These results hold also for the Borel-Moore homology and equivariantly with respect to the canonical ac-
tions of the torus C∗ × C∗.
Let ζ ∈ QN be a stability condition. Then the above results hold for the open substack RPerCohζ-ssc, 0 (Y/X)
of RPerCohc(Y/X) parameterizing ζ-semistable perverse coherent sheaves on Y of zero slope.
13In this section we chose a notation compatible with [PS19, PS]. In particular, QCoh(Y) denotes the stable∞-category
of quasi-coherent sheaves on Y, which, from a technical point of view, has not been constructed as the derived category
of an abelian category. The reader can safely think of this as a dg-category. The same considerations hold for ΠQ-Mod,
Perf(Y) and Perf(ΠQ).
14Moduli stacks parametrizing families of objects belonging to an abelian category has been introduced by Artin and
Zhang in [AZ01] (see also [AHLH18, §7]).
15This follows from one of themain construction of [PS] in whichwe associate, in a functorial way, with any t-structure
on a given dg-category a 2-Segal space.
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5.2.1. The semistable McKay correspondence. Let ω be a Q-polarization of Y and µ ∈ Q>0 ∪ {∞}.
Set
ζi := 〈ω,Ci〉
for 1 ≤ i ≤ N − 1, and
ζN :=

1
µ
−
N−1
∑
i=1
ζi if µ 6= ∞ ,
−
N−1
∑
i=1
ζi otherwise .
We denote by RCohω-ssµ (Y) the derived stack of ω-semistable compactly supported coherent
sheaves on Y of slope µ. The analogs for RCohω-ssµ (Y) of Theorem 5.11 and Corollary 5.12 hold,
as proved in [PS19].
By combining Theorem 3.14 with the functoriality of the construction of Artin-Zhang’s moduli
stacks, we obtain an isomorphism
Cohω-ssµ (Y) ≃ PerCoh
ζ-ss
c, 0 (Y/X) ≃ Rep
ζ-ss
0 (ΠQ) ,
which is compatible with the inclusions of these stacks into Rep(ΠQ). Since the derived en-
hancements of the above stacks are open in RCoh(ΠQ), the 2-Segal space structure on the latter
induces 2-Segal spaces structures on the former and we have an equivalence of 2-Segal spaces:
S•RCoh
ω-ss
µ (Y) ≃ S•RPerCoh
ζ-ss
c, 0 (Y/X) ≃ S•RCoh
ζ-ss
0 (ΠQ) .
Therefore, we obtain our version of the McKay correspondence for categorified Hall algebras.
Theorem 5.13. There exists an equivalence
Cohb(RCohω-ssµ (Y)) ≃ Coh
b(RCohζ-ss0 (ΠQ))
as E1-monoidal dg-categories. Moreover, the same holds equivariantly.
Corollary 5.14. There are isomorphisms of associative algebras
G0(Coh
ω-ss
µ (Y)) ≃ G0(Rep
ζ-ss
0 (ΠQ)) and H
BM
∗ (Coh
ω-ss
µ (Y)) ≃ H
BM
∗ (Rep
ζ-ss
0 (ΠQ)) .
Moreover, the same holds equivariantly.
From now on, let µ 6= ∞. As explained in Remark 4.4, there is a unique partition into pairwise
disjoint subsets
Sµ =
Cµ⋃
c=1
{ αc,1, . . . , αc,sc }
such that for each 1 ≤ c ≤ Cµ the ordered sequence
αc := (αc,1, . . . , αc,sc)
is a chain for all 1 ≤ c ≤ Cµ.
Denote by Cohω-ss
αc
(Y) the moduli stack of ω-semistable compactly supported sheaves on Y
which belongs αc (cf. Definition 4.5). Corollaries 4.6 and 4.7 implies that the partition of Sµ into
chains determines a natural isomorphism of stacks
Cohω-ssµ (Y) ≃
Cµ
×
c=1
Cohω-ss
αc
(Y) .
On the other hand, by Proposition 4.10-(iii), Proposition 4.11 and Corollary 4.12 we have
Cohω-ss
αc
(Y) ≃ Rep(ΠAsc ) ,
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for each c = 1, . . . ,Cµ. Here As denotes the type A Dynkin diagram with s vertices. By similar
arguments as those at the beginning of §5.2, we can upgrade these isomorphisms as an isomor-
phism
S•RCoh
ω-ss
µ (Y) ≃
Cµ
×
c=1
S•RCoh(ΠAsc )
of 2-Segal spaces. Thus, we obtain the main result of this section:
Theorem 5.15. Let ω be a Q-polarization of Y and µ ∈ Q>0. Let λµ := (s1, . . . , sCµ) be the partition
associated with µ as in Remark 4.4. Then we have a functor
Cµ⊗
c=1
Cohb(RCoh(ΠAsc )) −→ Coh
b(RCohω-ssµ (Y))
of E1-monoidal dg-categories. It induces isomorphisms of associative algebras
G0(Coh
ω-ss
µ (Y)) ≃
Cµ⊗
c=1
G0(Rep(ΠAsc )) and H
BM
∗ (Coh
ω-ss
µ (Y)) ≃
Cµ⊗
c=1
HBM∗ (Rep(ΠAsc )) .
Moreover, these results holds also equivariantly.
APPENDIX A. RECOLLECTION OF QUIVER REPRESENTATIONS
In this section, we shall recall briefly the theory of quiver representations following [Gin12, §2
and 3].
Let Q be a quiver, i.e., an oriented graph, with a finite vertex set Q0 and a finite arrow set Q1.
For any arrow a ∈ Q1, we denote by s(a) the source of a and by t(a) the target of a.
Let CQ0 be the algebra of C-valued functions on the set Q0, equipped with the pointwise
multiplication. We write eı for the characteristic function of the one-point set {ı} ⊂ Q0. Let
VQ1 be a C-vector space with basis {xa} with a ∈ Q1. The vector space VQ1 has a natural C
Q0-
bimodule structure such that, for any edge a ∈ Q1, we have eı · xa · e = xa if  = s(a) and ı = t(a),
and eı · xe · e = 0 otherwise.
Definition A.1. The path algebra of Q is
CQ := T
CQ0
(VQ1) ,
the tensor algebra of the CQ0-bimodule VQ1 . ⊘
The algebra CQ can be identified with the associative algebra with basis all possible paths of
length ℓ ≥ 0 of Q endowed with the multiplication given by concatenation of paths, whenever
possible, otherwise zero.
Definition A.2. Let B be a C-algebra equipped with an algebra homomorphism CQ0 → B.16 A
representation of B is a left B-module M. We say that the representation M is finite-dimensional if
1ı · M is a finite-dimensional C-vector space for any ı ∈ Q0.
17 The dimension vector of a finite-
dimensional representation M of B is the Q0-tuple
(
dim(1ı ·M)
)
ı∈Q0
∈ NQ0 . ⊘
Let d ∈ NQ0 and V := ⊕ı∈Q0 C
dı . We denote by Rep(B, d) the vector space of d-representations
of B, that is, the vector space of algebra homomorphisms ρ : B→ EndC(V) such that the pull-back
ρ|
CQ0
of ρ to CQ0 equals the homomorphism coming from the canonical CQ0-module structure on
V. The group GL(d) := ∏ı∈I GL(di) acts linearly on Rep(B, d) by “base change” automorphisms.
16For example, B is a quotient of the path algebra of the quiver.
17Here, by abuse of notation, we denote by 1ı the image of the element 1ı ∈ CQ0 in B.
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Remark A.3. When B = CQ, we simply set Rep(Q, d) := Rep(CQ, d). In this case, the vector
space Rep(Q, d) is
Rep(Q, d) =
⊕
e∈Ω
Hom(C ds(e),C dt(e)) .
△
The stack-theoretic quotient
Rep(B, d) := [Rep(B, d)/GL(d)]
is the algebraic stack of finite-dimensional representations of B with dimension vector d. Set
Rep(B) := ∐
d∈NQ0
Rep(B, d) .
We conclude this section by providing an explicit description of the stack Rep(B, d) for B the
preprojective algebra of a quiver Q. First, one has Rep(Qdb, d) ≃ Rep(Q, d) × Rep(Qopp, d).
Recall that, for any pair, E and F, of finite dimensional vector spaces, there is a canonical perfect
pairing
Hom(E, F)×Hom(F, E)→ C ( f , g) 7→ Tr( f ◦ g) = Tr(g ◦ f ) .
Using this pairing, one obtains canonical isomorphisms of vector spaces
Rep(Qopp, d) ≃ Rep(Q, d)∗ and gld ≃ gl
∗
d ,
where gld is the Lie algebra of GL(d). We deduce the following isomorphisms
Rep(Qdb, d) ≃ Rep(Q, d)× Rep(Q, d)∗ ≃ T∗Rep(Q, d) .
The GL(d)-action on Rep(Qdb, d) corresponds, via the isomorphisms above, to the (Hamil-
tonian) GL(d)-action on the cotangent bundle induced by the GL(d)-action on Rep(Q, d). Then,
associated with the latter action, there is a moment map µd, given explicitly by:
µd : Rep(Q
db, d) ≃ T∗Rep(Q, d) −→ gl∗d ≃ gld ,
(x, x∗) 7−→∑(x ◦ x∗ − x∗ ◦ x) ∈ gld ,
where x := (x, x∗) ∈ Rep(Q, d)× Rep(Qopp, d).
Then the stack Rep(ΠQ, d) of finite-dimensional representations ofΠQ (i.e., leftΠQ-modules)
of dimension vector d is isomorphic to the stack-theoretic quotient
Rep(ΠQ, d) ≃ [µ
−1
d (0)/GL(d)] .
A.1. Semistability conditions. Fix ζ ∈ RQ0 . In what follows, we shall call ζ a stability condition.
Definition A.4. The (ζ-)degree of a dimension vector d ∈ NQ0 r {0} as
degζ(d) := ∑
ı∈Q0
dıζı .
The (ζ-)slope of d is
slopeζ(d) := degζ(d)/ ∑
ı∈Q0
dı .
LetM be a representation of B. Its degree (resp. slope) is the degree (resp. slope) of its dimension
vector. ⊘
As in [Kin94], we have:
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Definition A.5. A nonzero representation M of B is ζ-semistable if for any subrepresentation N of
M we have
degζ(N)
∑ı∈Q0 dimNı
≤
degζ(M)
∑ı∈Q0 dimMı
.
A nonzero representation M is called ζ-stable if the strict inequality holds for any nonzero proper
subrepresentation N ⊂ M. ⊘
We define two pairings on ZQ0 , the Ringel pairing
(d, e) := ∑
ı∈Q0
dıeı − ∑
a∈Q1
ds(a)et(a) , (A.1)
and the Euler pairing
〈d, e〉 := (d, e) + (e, d) .
For ϑ ∈ (−∞,∞) a fixed slope, we denote by
Λ
ζ
ϑ ⊂ N
Q0
the submonoid of dimension vectors d such that d = 0 or slopeζ(d) = ϑ.
Remark A.6. Note that for ϑ = 0, we get
Λ
ζ
0 = {0} ∪
{
d ∈ NQ0 | ∑
ı
dıζı = 0
}
=: ζ⊥ .
△
ExampleA.7. Let ζ := (0, . . . , 0) ∈ QQ0 . With respect to this stability condition, all representations
have the same slope, which equals zero, and are semistable. The stable representations are exactly
the simply ones. We call this stability condition the degenerate stability condition. △
To conclude this section, note the following straightforward result.
Lemma A.8. Let ζ ∈ QQ0 be a stability condition. Let
0 −→ M1 −→ M2 −→ M3 −→ 0
be an exact sequence of finite dimensional representations of B with identical ζ-slopes. Then M2 is ζ-
semistable if and only if M1 and M3 are simultaneously ζ-semistable.
APPENDIX B. SOME RESULTS ABOUT COMPACTLY SUPPORTED SHEAVES
Lemma B.1. Let S be a smooth quasi-projective surface, and D1,D2 compact effective divisors on S such
that the set-theoretic intersection D1 ∩ D2 consists of finitely many points. Let E1, E2 be pure dimension
one sheaves with scheme-theoretic support on D1,D2 respectively. Then the following hold
(i) There is an isomorphism Ext1S(E2, E1) ≃ HomD2 (E2, E1 ⊗S OD2 (D2)) satisfying the functorial
properties stated below.
(ii) Given a morphism of one-dimensional pure sheaves f1 : E1 → E
′
1 with E
′
1 also scheme theoretically
supported on D1, the following diagram is commutative
Ext1S(E2, E1) Ext
1
S(E2, E
′
1)
HomD2(E2, E1 ⊗S OD2(D2) HomD1(E2, E
′
1 ⊗S OD2(D2)
f1∗
f1∗
.
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(iii) Given a morphism of one-dimensional pure sheaves f2 : E
′
2 → E2 with E
′
2 also scheme theoretically
supported on D2, the following diagram is commutative
Ext1S(E2, E1) Ext
1
S(E
′
2, E1)
HomD2(E2, E1 ⊗S OD2(D2) HomD2(E
′
2, E1 ⊗S OD2(D2)
f ∗2
f ∗2
.
Proof. This follows for example from Grothendieck duality for the closed embedding D2 →֒ S
using the fact that its relative dualizing complex is OD2(D2)[−1]. 
APPENDIX C. SOME SHEAF COHOMOLOGY GROUP COMPUTATIONS
Let S be a smooth rational projective surface and let C1, . . . ,Ck, for k ≥ 2, be an Ak-chain of
smooth rational (−2)-curves on S. For any 1 ≤ i, j ≤ k let
Ci,j :=
{
Ci + · · ·+ Cj for i ≤ j ,
0 otherwise .
Lemma C.1. For any pair 1 ≤ i ≤ j ≤ k one has
H0(OCi,j) ≃ C , H
p(OCi,j) = 0 for p ≥ 1 , (C.1)
and
H1(OCi,j(Ci,j)) ≃ C , (C.2)
Hp(OCi,j(Ci,j)) = 0 for p ≥ 0, p 6= 1 .
Moreover for any pair 1 < i ≤ j ≤ k
Hp(OCi,j(Ci−1,j)) = 0 (C.3)
for all p ≥ 0.
Proof. The proof of equations (C.1) and (C.2) proceeds by induction on j− i. Both claims are clear
for j = i since Ci ≃ P
1 and OCi (Ci) ≃ OCi(−2) for i = 1, . . . , k.
Suppose i < j. Then one has the canonical exact sequences
0 −→ OCi(−1) −→ OCi,j −→ OCi+1,j −→ 0 ,
0 −→ OCi+1,j(−Ci) −→ OCi,j −→ OCi −→ 0 .
The second sequence yields a third exact sequence
0 −→ OCi+1,j(Ci+1,j) −→ OCi,j(Ci,j) −→ OCi(−1) −→ 0
by taking a tensor product with the line bundle OS(Ci,j). Then equations (C.1) and (C.2) follow
by an easy inductive argument using long exact sequences in cohomology.
The proof of (C.3) is analogous. For j = i one has OCi,j(Ci−1,j) ≃ OCi(−1) hence the claim is
obvious. For j > i the inductive step uses the exact sequence
0 −→ OCi(−1) −→ OCi,j −→ OCi+1,j −→ 0 .
Taking a tensor product with OS(−Ci−1,j) one obtains a second exact sequence
0 −→ OCi(−1) −→ OCi,j(−Ci−1,j) −→ OCi+1,j(−Ci,j) −→ 0 ,
since Ci−1 and Ci+1 are disjoint. Then the claim follows again by induction. 
Lemma C.1 yields:
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Corollary C.2. For any 1 ≤ i ≤ j ≤ k, one has
Hp(OS(−Ci,j)) = 0 for p ≥ 0
and
Hp(OS(Ci,j)) ≃ C for 0 ≤ p ≤ 1 .
Moreover,
H2(OS(Ci,j)) = 0 .
Proof. All claims follow from Lemma C.1 using the canonical exact sequences
0 −→ OS(−D) −→ OS −→ OD −→ 0 ,
0 −→ OS −→ OS(D) −→ OD(D) −→ 0 ,
associated to any effective divisor D on S. One also has to use the fact that S is rational, hence
Hp(OS) = 0 for p ≥ 1. 
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